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Abstract 

The aim of this paper is to investigate generating functions for modification of 
the Milne-Thomson's polynomials, which are related to the Bernoulli polyno- 
mials and the Hermite polynomials. By applying the Umbral algebra to these 
generating functions, we provide to deriving identities for these polynomials. 
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1. Introduction 
Throughout of this paper, we use the following notations: 

N := {1, 2, 3, ■ ■ ■ } and No := NU {0} , 

dn,k - I iifn = k, 

and 

(x)^ = X {x — 1) ... {x — b + 1) , 

where 6 G N. 

Here, we use the notations and definitions which are related to the umbral algebra and 
calculus cf. [0]. 

Let P be the algebra of polynomials in the single variable x over the field complex numbers. 
Let P* be the vector space of all linear functionals on P. Let {L \ p{x)) be the action of a 
linear functional L on a polynomial p{x). Let F denotes the algebra of formal power series 

oo 
k=0 

cf. 

This kind of algebra is called an umbral algebra. Each f E F defines a linear functional 
on P and for all k ^ 0, = {f (t) | x'^). The order o (/ (t)) of a power series / (t) is the 
smallest integer k for which the coefficient of does not vanish. A series / (t) for which 
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= 1 is called a delta series. And a series / (t) for which o(/(t)) = is called a 
invertible series cf. [0]. 

Let f{t), g{t) be in F, we have 

(/(tkW|p(:^)) = (/WI^?(t)p(:^)), (1.1) 
cf . [B] . For all p {x) in P, we have 

{ey'\p{x))=p{y) (1.2) 

and 

ey^p{x) = p{x + y) (1.3) 

cf. ig. 

Theorem 1. (^[6^, p. 20, Theorem 2.3.6]j Let f [t) be a delta series and let g [t) be an 

invertible series. Then there exist a unique sequence Sn {x) of polynomials satisfying the 
orthogonality conditions 

(git) fit)" I Sn{x)) = n\dn,k (1.4) 

for all n, k > 0. 

The sequence Sn{x) in fll.4p is the Sheffer polynomials for pair {g(t), /(t)), where g{t) must 
be invertible and f{t) must be delta series. The Sheffer polynomials for pair {g{t),t) is the 
Appell polynomials or Appell sequences for g{t). 

The Appell polynomials are defined by means of the following generating function: 

cf. ig. 

The Appell polynomials satisfy the following relations: 

s„(x) =^(t)-ix", (1.6) 



derivative formula 
and 

recurrence formula 



tSn (x) = s'^ (x) = nSn-1 (x) (1.7) 

^Sn{x) = ^—Sn+l{x) , (1.8) 

t n + 1 

Sn+l {x) = ( X ~ ^-j^] Sn (x) , (1.9) 



9{t) 



and multiplication formula, for a ^ 



(ct^^) Ol / f \ ('^) • 

(see, for details, [6j; and see also [1], [3], |1]). 

The remainder of this paper is organized as follows: We modify generating functions 
for the Milne- Thomson's polynomials ^^n\x). We give some properties of this functions. 
By applying the Umbral algebra and Umbral calculus, we derive some identities related to 
Hermite polynomials, Bernoulli polynomials and Stirling numbers of second kind. 
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2. New type polynomials 

We modify the Milne-Thomson's polynomials ^^\x) (see for detail [;5j) as $l"'*(a;,i') of 
degree n and order a by the means of the following generating function: 

gi{t, X- a,v) = f (t, a) e^^^'^^*'^) = "^1"^^' (2-1) 

^ — ^ nl 

n=0 

where / {t, a) is a function of t and the integer a. 
Observe that ^l^\x,0) = ^l?'\x) cf. [5]. 

Remark 1. Setting f {t,a) = [-^rz^Y ( l^- -?p . 'we obtain the following polynomials by 

^2(t,x;a,^;)=U-^ e^'^''^''^^ = J2 f^^n\x; vf-. (2.2) 

^ ^ n=0 

Observe that the polynomials (3l^\x; v) are related to not only Bernoulli polynomials but also 
the Hermite polynomials. For example, if h (t, 0) = m l{2.^) . we have 

/3(r)(x,0) = 5(") (x), 

where slf^ (x) denotes the Bernoulli polynomials of higher order which is, defined by means 
of the following generating function 

^ ^ n=0 

One can easily see that Bn^ (0) = i?n°\ that is 

^ ^ n=0 

// we take h{t) = in /[2/^) . we have 

^)°^"-- = E('"3!.°'(-,"))S. 

^ n=0 

Hence, we get 

(x,t;) = //^) (x) 

where Hn'^ (x) denotes the Hermite polynomials of higher order, which is defined by means 
of the following generating function: 

2 °° fn 

/H(x,t;^) = e^*-^ = ^i/(^) {x)- 

^-^ nl 

n=0 

We define the following functional equation: 

g2it,x;a,v) = fBit,x;a)e^^''^\ (2.3) 
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By the above functional equation, we get 

r >^ h{t,v) 



9,{t, X- a,v) = Y: (x) Y: (2.4) 

r 

If we set h{t, v) = —vt in (12 ■4p . we have 



n=0 n=0 



j=0 

We define the following functional equation: 

g2{t,x;a,v) = fBit;a)e^'+''^''-^ (2.5) 
If we set h{t,v) = — in (12.31) . we obtain the following theorem: 
Theorem 2. 



J=0 

From (12.51) . we get 

d . . , . 

— 5(2(t, x; a, v) = tg2{t, x; a, v). 

By using the above partial derivative equation, we obtain the following theorem: 

Theorem 3. 

^Pl:\x,v) = nPl%ix,v). 

By using (11.71) and the above theorem, it is easily to see that (3l^\x,v) is an Appell-type 
sequence. 

3. Some identities for the polynomials Hl3n\x,v) 

In this section, by applying the Umbral algebra and Umbral calculus, we derive some 
identities related to the polynomials Hf3n\x,v). 
By substituting 

9{t)=l^-^j (3.1) 

into (11.61) . one can easily obtain the following lemma: 
Lemma 1. Let n E No- The following relationship holds true: 



Hf3i:\x,v) 



+ \ " 2 

e 2 X . 



- 1 

By using (II. 7p and (II. 8p . we arrive at the following lemma: 
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Lemma 2. 



tH[i^:\x,v)=nH[i^:lA^^v), (3.2) 

and 

7 P^:\^.v) = ^ P^ix.v). (3.3) 

The action of a linear operator (e* — 1) on the polynomial Hl^n\^->'^) given by the 
following lemma: 



Lemma 3. 



' H 

Proof. By using Lemma [H we obtain 

(e*-l)^/?i'^)(x,.)=(e'-l) (^)^--a:". 
After some calculations in the above equation, we get 

Using (13. 2p in the above equation, we arrive at the desired result. □ 

From Lemma [31 we arrive at the following result: 
Corollary 1. 

e'HP^:\x,v)=nHPtl\^.v)+HP^:\x,v). (3.4) 

Theorem 4. 

Proof. Using (11. 3p . we get 

Combining the above equation with (13. 4p . we complete the proof. □ 

By applying to the polynomial ///?^'*'*(x, ^j), we give the following lemma 
Lemma 4. 

-Ih n + lH 

Proof. From Lemma [H we get 



— iH — 1 — 1 J 

After some calculations, we obtain 

— Ih t h 

By using (13. 3p in the above equation, we arrive at the desired result. □ 
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Theorem 5 (Recurrence formula). 

^^"+1^ ' ' n-a + 
Proof. By using (13. ip into (11.91) . we obtain 



v) = ((^ -a){n + 1)^ /3(f) {x, v) - a^/^it/) (x, v)-n{n + 1)^ /?l"2i(x, v)) . 



After elementary manipulations in this equation by using (13. 2p . (13. 3p . (13. 4p and Lemma 
m we arrive at the last result. □ 

Theorem 6. Let /c, a G N and k > a. We have 

(— f)^'" {k — a)\ {n)r 



■m=0 ^ 

where S {n — 2m — a, k — a) denotes the Stirling numbers of second kind. 
Proof. Using Lemma [H we get 



t 



e* - 1 



r 

e 2 X 



By using (II. ip . we obtain 

((e* - 1)' I (rf(a;,^))) = ((e* - l)-" | ^e'^x" 
After some calculations, we have 

{(e' - 1)' I („/J«(x,.))) = ( (e' - 1)'- I E i^t'"-." 

\ m=0 

Thus, using (13. 2p in the above equation, we get 



oo / \ 2m 

(e' - 1)' I = E feliW ((^' - 1)'"° I • (3-5) 

m=0 



By substituting 



S{n-2m-a,k-a) = ( (e* - l) 



(A; -a)! 

cf. O pp. 59] the above equation into (13. 5p . we obtain 

(— v)^*" {k — a)\ {n)r 



m=0 



A relationship between Bn\x) and ///3(f)(x,f) is given by the following theorem: 
Theorem 7. The following relationship holds true: 



□ 
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Proof. Setting 



we obtain, 



e 



vf 




a 



X 



Using Lemma m we arrive at the final result. 



□ 
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